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Introduction

Examples of parametrizations of certain types of algebras,
where the products are replaced by a family of products
indexed by a set 2, maybe with an algebraic structure and
similar axioms:

Associative algebras : (x x y) * z = X = (y * Z).

Matching associative algebras (Pirashvili ; Zhang, Gao, Guo):
Qs a set.

(X %0 ¥) %3 Z = X %q (¥ %3 2).
Family associative algebras (Zhang, Gao): (22, x) is a
semigroup.
(X #q Y) *qxg Z = X %o (Y %8 2Z).
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Introduction

Associative algebras : (x = y) *z = x = (y * 2).

ComTriAs algebras (Loday): two products - and .

(x-y)-z=x-(y-2),
(Xxy)xz=Xxx(yx2),
(Xxxy)xz=xx(y-2),
(x-y)xz=x-(y*2).

and another relation: x -y = y - x.
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Introduction

Associative algebras : (x x y) x Z = x = (y * Z).
Diassociative algebras (Loday): two products - and .

(x4y)dz=x4(yH2),
(xXH4y)d4z=x4(y+ 2),
(XEYy)d4z=xF(y-H2),
XH4Yy)Fz=xF(y+ 2),
XEY)FZ=xF(YF 2)
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

Definition

Let (©2, —, =) be a set with two products. An Q-associative
algebra has a family (x4 ).eq Of bilinear products such that

(X *qe8 Y) *asp Z = X #q (¥ %3 Z).

If o > =«aand a — g = g, this gives Q-matching associative
algebras.

If o >3 =caand a — 3 = ax* 3, this gives (£, x)-family
associative algebras.
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

This is far too general. We add some constraints. As free
associative algebras are tensor algebras, we want that free
Q-associative algebras are based on Q-typed tensor algebras:

o6}
= DEQY V@ Ve

n=1

The tensors of Tq(V) are called Q-typed words in V.
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

We define products (#4)aeq On To(V) by
WikoZ=W-aZ, Uk (V-BZ)=UxqepV):(a— )z,

where u,v,we Tq(V),ze V and a, § € Q. The product - is the
concatenation.

If X1, X0, X3,X4 € V and «, 8, € Q:

aX1Xo #g X3 = af3X1X2X3,
X1 #q BXoX3 = (a = B)(a — B)X1X2X3,
aXyXo #3 YX3Xs = (X1 X2 #g=vy X3) - (B — 7)Xa
= (a>(8=7))(a— (B=7))(B — 7)X1 X2X3Xs.
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

Why this?
@ Tq(V) in order to conserve the combinatorial structure of
the associative operad.

@ w=x,Z = w-«azin order to obtain the generation by V of
Ta(V).
@ With the preceding item,

Usq (V.0Z) = Usq (V#g 2)

(U *a= V) *oq—B Z
= (Uamp V) - (@ — f)z.
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

The following are equivalent:

@ There exists a nonzero space V such that (Tq(V), (*a)acq)
is an Q-associative algebra.

@ For any vector space V, (Tq(V), (xa)acq) is the free
Q-associative algebra generated by Q.

Q (Q,—,>) is an extended associative semigroup (EAS).
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

Definition
An EAS is a set 2 with two binary products — and = such that

a—(B—-7)=(a—>p) >,
(a>(8—7) = (Be7) = (a— p) =17,
(a=(8—>7)=(B>=7) =a=0.
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

Examples
Let Q2 be a set. We put

a— =5,

as>fp = q.

Va, B € Q,

Then (Q, —, =) is an EAS.

This gives Q2-matching associative algebras.
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

Examples
Let (Q2, ») be an associative semigroup. We put

Va, B € Q, a—b=axp
a>f=a.

Then (2, —, =) is an EAS.

This gives (Q, x)-family associative algebras.
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Q-associative algebras

The associative case . .
Extended associative semigroups

Linear extended associative semigroups

Examples
Let (Q2, ») be a group. We put

a—f =4,

Ya, 5 € Q,
B a3 =axp

Then (2, —,>) is an EAS.
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

EAS of cardinality two

Up to an isomorphism, there are 13 EAS of cardinality two,
including one which is not related to the preceding examples.

—[o]1] (> [0]1]
0
0

000 0
1101 1

- O

This EAS will be called the strange EAS.
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Q-associative algebras

The associative case . .
Extended associative semigroups

Linear extended associative semigroups

Any ComTriaAs algebra is an Q-associative algebra, with
given by

—fo]1] = ]0[1]

0 0 000
1101 111

where x = xg and - = =1. The underlying EAS is the EAS
associated to the semigroup (Z/2Z, x).
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L Q-associative algebras
The associative case

Extended associative semigroups
Linear extended associative semigroups

If (A,H,+) is a diassociative algebra:
Q@ (A % ) is an Q-associative algebra, with the EAS:
Al [=lHE] [

HEE A —[A]or [4]F ][4
HEE HEE HEE

Q (A +,+) is an Q-associative algebra, with the EAS:

2l [=lle] (=41
NEIE S =[4]or [4]4]H
HNEE HEE FlETF

The underlying EAS are the EAS associated to the semigroup
(Z/)2Z, x) and the strange EAS.
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

For any EAS Q, we obtained a combinatorial description of the
operad Pq of Q-associative algebras, with

Pa(n) = KQ" ' x &),.

Unfortunately, the Koszul dual of Pg, is not necessarily of the
form Pq:. A notion of linear EAS is required.
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Q-associative algebras

The associative case )
Extended associative semigroups

Linear extended associative semigroups

Lemma

Let (2, —, =) be a set with two binary operations. We consider
the maps

. 02 — Q2 ) 02 — Q2
¢'{ (,8) — (@—Bas=p), © {(a,[a’) — (B,q).

Then (2, —, =) is an EAS if, and only if

(Id x @) o (¢ x Id) o (Id x ¢) = (¢ x Id) o (Id x C) o (¢ x 1d).
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Th iati Q-associative algebras
e associative case .
Extended associative semigroups
Linear extended associative semigroups

Definition
A linear extended associative semigroup (EAS) is a pair (A, 9)
with ® : AQ A— A® A, such that

(IdRP)o (P®Id) o (Id®P) = (P®Id) o (Id®T) o (P ®Id),
where 7 : AQ A— A® Ais the usual flip:

[ ARA — AQRA
' akb — b®a

Parametrizations of algebraic structures
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

We shall say that (A, ) is nondegenerate if ¢ is invertible. If
so, (A, ®~1) is also an (EAS.

If (A, @) is a finite-dimensional /EAS, then (A*, ®*) is an (EAS.
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Q-associative algebras

The associative case )
Extended associative semigroups

Linear extended associative semigroups

Examples of /EAS

@ If (2, —,>) is an EAS, then KQ is an /EAS with
P(a®pB)=a—Rar=p.

e If (A,m,A) is a bialgebra, then it is an /EAS with
va®b) = > abea?.

o If (A,m,A) is a Hopf algebra of antipode S, then it is an
(EAS with

d(a®b) =>b"Ve®Ss (b(z)) a.
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Q-associative algebras
Extended associative semigroups
Linear extended associative semigroups

The associative case

Examples of /EAS
This defines a 2-dimensional /EAS:

d(Xx ® X)
P(Xx®y)
d(y ®x)
d(y®y)

X
y®
x®x XQYy—yQx+2y®y,
y®
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

Similarly with the discrete case, for any /EAS (A, ), we can
define a notion of ®-associative algebra, with similar results.

Z(X * by _y) kg Z = X *g (y *p Z)7

with d(a@b) = S W @ 4.

Theorem
Let (A, @) be a finite-dimensional /EAS. The Koszul dual of the

operad Py of d-associative algebras is the operad of
d*-associative algebras. Moreover, these operads are Koszul.
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Q-associative algebras

The associative case
Extended associative semigroups

Linear extended associative semigroups

Let us consider eigenvectors of ¢:

Lemma

Let (A, ®) be an /EAS and let x € A, nonzero, such that
P(x@x) = Ax®xfor e K. ThenA=0or1.

Proposition

The associative products in Pg are the products =4, with
d(a® a) = a® a, and their opposites.

If ®(a® a) = 0, then for any x, y,z € A,

X#g(y*g2) =0.
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e Q-associative algebras
The associative case )
Extended associative semigroups

Linear extended associative semigroups

Let (2, —, =) be a set with two binary products and V be a
vector space with a family (x,)aecq Or bilinear products. We
define a product on V ® KQ by

(V®a)* (W®B) = (V*a>ﬁ W)®04_’6

Theorem
@ If Qis an EAS and V is an Q-associative algebra, then
V ® KQ is an associative algebra.
@ If Qis a nondegenerate EAS and V ® K is an associative
algebra, then V is an Q-associative algebra.
© Let W be a nonzero vector space. If To(W) @ KQ is an
associative algebra, then Q is an EAS.

Parametrizations of algebraic structures
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Q-associative algebras

The associative case )
Extended associative semigroups

Linear extended associative semigroups

Let (A, @) be a vector space with®: AQ A— A®Aand V be
a vector space with a family (x,)aecq or bilinear products. We
define a product on V ® A by

(v@a)* (w®b) ZZ(V*a/ w) b,
where ®(a® b) = Zb’@a

Theorem
Q If (A, ®)is an (EAS and V is a $-associative algebra, then
V ® Ais an associative algebra.
Q If (A, @) is a nondegenerate /EAS and V® Ais an
associative algebra, then V is a ®-associative algebra.

© Let W be a nonzero vector space. If T4(W)® Ais an
associative algebra, then (A, ®) is an /EAS.
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Q-dendriform algebras

. Extended diassociative semigroup
Dendriform algebras )
Linear versions

Dendriform algebras, or noncommutative half-shuffle algebras,
are given two products < and >, with

(X<y)<z=x<((y<z+y>2),
(XxX>y)<z=x>(y<2),
X<y+x>y)>z=x>(y>2).

Consequently, < + > is associative. Free dendriform algebras
have been described by Loday and Ronco in terms of planar
binary trees.

VXU LY
vy oY vy
v % Ny Y
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Q-dendriform algebras
Extended diassociative semigroup
Linear versions

Dendriform algebras

Notions of Q2-matching dendriform algebras and (Q, x)-family
dendriform algebras have been introduced by Zhang, Gao, Guo
and Manchon. Generalizing this:

Definition

Let (2, «—, —,<, =) be a set with four binary operations. An
Q-dendriform algebra has two families of products (<4 ).eq and
(>a)aeq such that:

(X <a YY) <gZ=X<qep (¥ <axp Z) + X <ap (¥ >a=p 2),
X>o (Y <52)=(X>aY) <32,
X>a (Y >32) =(X>ae8 Y) >asB Z+ (X <q<p Y) >acp Z.

Other possibilities are studied by Aguiar.
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Q-dendriform algebras

Extended diassociative semigroup

Dendriform algebras )
Linear versions

We wish that free objects are based on Q-typed planar binary
trees, that is to say planar binary trees which internal edges are
decorated by elements of Q. We inductively define products <,
and >, on these objects.

Theorem
The following are equivalent:

@ The products on Q-typed trees define a structure of
Q-dendriform algebra.

@ The products on Q-typed trees define a structure of
Q-dendriform algebra, freely generated by Y.

© Qs an extended diassociative semigroup (EDS).
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Q-dendriform algebras
Extended diassociative semigroup

Dendriform algebras ) :
Linear versions

Definition

An extended diassociative semigroup 2 has four binary

products «, —, <1, = such that
(@=f)ery=a=(Bey)=a=(8-17),
(> pB) —y=a—(B),
(@a=pB)=y=(a=p)2>r=a—=(6-7)

plus ten other relations involving < and .
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Q-dendriform algebras
Extended diassociative semigroup

Dendriform algebras ) :
Linear versions

Examples
If Qis a set, put

aef=a, a—f=p,
a<af =7, a5 =qa.
This defines an EDS, underlying Q2-matching dendriform
matching algebras.

Examples
If (2, <, —) is a diassociative semigroup, put

a<1f =7, arf=a.

This defines an EDS. In the particular case where —»=«= x,
associative product, this EDS underlies (2, x)-family dendriform
algebras.
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Q-dendriform algebras
Extended diassociative semigroup

Dendriform algebras R
Linear versions

Up to isomorphism, there are 24 EDS of cardinality 2.
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Q-dendriform algebras

Extended diassociative semigroup

Dendriform algebras ) .
Linear versions

Let Q = (Q, «, —,<, =) be a set with four products. We put

- QZ SN QZ
%“{<mm — (0« B,a<p),

- QZ N QZ
S”‘*'{w,m — (a—> B,ap).
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Q-dendriform algebras
Extended diassociative semigroup
Linear versions

Lemma

Qis an EDS if, and only if:

Dendriform algebras

(cxId)o(ld x p_)o(cxId)o (o x Id)

— (¢ x ld) o (Id x po),

(Id x p)o(cxId)o(ld x p._)o(cx Id)o (p_ x Id)
= (p x Id)o (Id x o),

(Id x o) o(cx Id)o(ld x o) o (cx Id)o(p_ x Id)
= (p x Id) o (Id x ¢_,),

(Id x o) o (ps x Id) o (ld x ¢,)

= (p, x Id)o (Id x €) o (p x Id),

(Id x p_)o(p xId)o (ldx ¢_,)

= (p x Id)o (Id x ¢) o (¢, x Id).

~— N N~ o~ ~— —~
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Q-dendriform algebras

Extended diassociative semigroup

Dendriform algebras ) .
Linear versions

This leads to a notion of linear EDS and to related generalized
dendriform algebras. Within this frame, it is possible to describe
the Koszul dual of the operad of 2-dendriform algebras (giving
generalizations of diassociative algebras) and to prove that, if
is non degenerate, then the operad of 2-dendriform algebras is
Koszul.
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Pre-Lie algebras

Rota-Baxter algebras

Tridendriform algebras
More results

An Q-pre-Lie algebra satisfies

Xoq (Yo52Z)—(X0aepY)oanspZ = ¥Yop(X0aZ)—(¥YoB=aX)OB—aZ.

We obtain similar results for these objects. The structure on Q
has to be a commutative EDS, that is to say an EDS such that,
forany «a, 8 € Q,

a—f=p-aq a<f=pea

These objects give a way to obtain double bialgebras on typed
rooted trees.
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Pre-Lie algebras
Rota-Baxter algebras

Tridendriform algebras
More results

An Q-Rota-Baxter algebra satisfies
P (@)Ps(b) = Py—5(Pasp(@)b) + Pac g(@Paqs(b)) + Ao sPa-p(ab).

(Five products on Q and a family of scalars indexed by Q2).
This leads to the notion of \-triassociative semigroups, closely
related to the notion of EDS.
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Pre-Lie algebras
Rota-Baxter algebras

Tridendriform algebras

More results

An Q-tridendriform algebra satisfies

(@<ab)<gCc= a<qspg (b>appC) +a<qep (b<qqsC)
+ a<q.p (b Onxp C),

(@a>a b) <gc= a>, (b=<gc0),

a>q, (b>gc)= (@a>asp b) >ap €+ (@<aqqp b) >acp C
+ (@0axp b) >a.8 C,

(@>ab)ogc= a>,(bogc),

(@<a b)ogc= aog(b>,c),

(@aoa b) <gCc= ao,(b<pc,)

(@aoa b)ogC = ao, (bogc).

This leads to the notion of extended triassociative semigroup
(six products).
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Pre-Lie algebras
Rota-Baxter algebras

Tridendriform algebras

More results

LF, Xiao-Song Peng: Reduced typed angularly decorated
planar rooted trees and generalized tridendriform algebras.
arXiv:2201.11974

LF, Xiao-Song Peng: Typed angularly decorated planar rooted
trees and generalized Rota-Baxter algebras. arXiv:2112.02859
LF: On extended associative semigroups. arXiv:2105.01326
LF: Generalized prelie and permutative algebras.
arXiv:2104.00909

LF: Generalized associative algebras. arXiv:2104.00908

LF, Dominique Manchon, Yuanyuan Zhang: Families of
algebraic structures. arXiv:2005.05116

LF: Generalized dendrifom algebras and typed binary trees.
arXiv:2002.12120
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Pre-Lie algebras
Rota-Baxter algebras

Tridendriform algebras
More results

Thank you for your attention!
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